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Abstract 
We develop a velocity-pressure algorithm, in primitive variables and finite differences, for incompressible viscous flow 
with a Neumann pressure boundary condition. The pressure field is initialized by least-squares and up-dated from the 
Poisson equation in one step without iteration. Simulations with the square cavity problem are made for several Reynolds 
numbers. We obtain the expected isplacement of the central vortex and the appearance of secondary and tertiary eddies. 
Different geometry ratios and a 3D cavity simulation are also considered. @ 1999 Elsevier Science B.V. All rights 
reserved. 
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I. Introduction 
In this work, we consider incompressible viscous flow in primitive variables by using finite dif- 
ferences and a Neumann pressure boundary condition, as discussed by Gresho and Sani [13]. This 
allows us to develop a direct one-step pressure actualization. 
The discretization by difference methods of  the Navier-Stokes equations on a staggered grid, as 
made by Casulli [8], when formulated in matrix terms, allows to identify a singular evolutive matrix 
system. When we derive the Poisson equation for the pressure and perform its integration, we can 
observe that a clear influence of the Neumann condition arises. From this we can extract a nonsingular 
system for determining the pressure values at the interior points. The initialization process of the 
pressure, by a least-squares procedure, somehow incorporates an optimal pressure as a starting point, 
instead of employing an arbitrary constant as it usually occurs with iterative methods. The values of 
the velocity at interior points can then be well determined by a forward Euler or Adams-Bashforth 
method. For the pressure we solve a nonsingular Poisson equation without iteration. The latter means 
that we incorporate the values of  the pressure and velocity as soon as they are computed. 
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This velocity-pressure algorithm with central differences has been tested with the cavity problem 
for a wide range of Reynolds numbers and geometric ratios that include square, deep and shallow 
cavities. For a square cavity the displacement of the central vortex to the geometrical center of 
the cavity was obtained by increasing the Reynolds number, as earlier established by Burggraf [5], 
Ghia et al. [12] and Schreiber and Keller [20], among others. Also, the apparition of secondary and 
tertiary vortices can be observed. 
The proposed algorithm, described for 2D regions, can be appropriately modified for 3D regions. 
Simulations were also made for a 3D cavity. 
2. The continuum equations for incompressible flow 
We consider the Navier-Stokes equations 
0u c3--~+u'~7u-q-~Tp=r~72u, t>0,  (1) 
~7.U = 0, (2) 
u(x, O) = Uo(X), x E (2 = ~ ® F ,  (3) 
u = w(x,  t) E r = 8(2. (4) 
For the pressure, we have the Poisson equation 
~72p = ~7 . (v~72u - u . ~7u) = .~7 . (u . ~7u) (5) 
together with the Neumann condition [13] 
?p _ vV2u" _ ( Ou. ) ~---~ - k Ot + u.  V'u. ¢ F for t~>0, (6) 
where u. = u. n is the normal velocity component. 
The determination of the solution of the Poisson equation with Neumann boundary conditions 
requires that the following compatibility relation holds: 
f £ -~7"(u"  ~7u)dg2= f rPndF ,  (7) 
where Pn = n- ~Tp, and n is an exterior normal unit vector to F. 
3. Discretization of the Navier-Stokes Equations 
The primitive equations for a 2D incompressible viscous flow are 
at +u~ +ray ax +v \ax2 + a /} '  ~8) 
av av av _ ap ( a~v a2v ) 
at + ~ + ~y ay + v \ax~ + ~},  ~9) 
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au av 
ax + ~yy = O, (10) 
where u(x, y , t )  and v(x, y , t )  denote the velocity components in x and y directions, p(x, y, t) the 
pressure and v ~> 0 the kinematic viscosity coefficient. Following Casulli [8], we use central differences 
for approximating the spatial derivatives and the explicit Euler method for approximating the time 
derivative. Thus, with reference to a staggered grid, we have 
k __ k 
Pi, j . k+ l  k i i=  1,2, Ui+l/2, j =F lu i+ l /2 , j -A tP i+ l '~x  , . . . ,n -  1, j=  1,2 . . . . .  m, (11) 
El  Uk+l/2,j k (12) ~--- Ui+l/2, j
k k k k "] 
A -F  k Ui+3/2,j -- Ui--l/2,j ~k Ui+l/2,j+l -- Ui+l/2,j--I 
J - 'k u*+'/2,j 27v7 + ,+,/2,j 
+vAt  ~+3/2,j - 2u~+l/a,j + u~-t/2,j u~+l/20+l - 2u)+l/z,j + U~+l/Z,j-I 
(z~.)2 + (Ay)2  ' 
k uk k k 
-k Ui, j+l/2 -t- i,j--l/2 ~- l)i+l,j+l/2 + l)i+l,j-1/2 (13) 
Ui+l/2'J ~ 4 
and 
k k 
.k+l k Pi, j+l -- Pi,] i = 1,2 . . . . .  n, j = 1 ,2 , . . . ,m-  1, (14)  Vi,j+l/, 2 = F2vi, j+l/2 - At  A y ' 
F k k (15) 2Ui,j+l/2 ~ Vi, j+l/2 
i k k k k -- Ui, j+3/2 -- Vi, j _ l /2  ] ~k Ui+l,j+l/2 1)i--l,j+l/2 k 
-A t  i,j+l/2 2zXx + Vi'j+l/2 2X;  J 
+vAt vi+l j+l/2 -- 2v~j+l/2 -t- Di_l , j+l/2 
( z~)  2 -'{- 
k U k k k 
-k Ui+l/2, j -t- i--1/2,j "~ Ui+l/2,j+l -4- Ui-1/2,j+l 
Ui, j+ 1,,, 2 ---- 4 (16) 
k 
uik, j+3/2 --  2V~j+l/2 q- Vi, j-1/2 ) 
(Ay)  2 
4. The pressure equation discretization 
The Poisson equation for the pressure is given by 
Ap = -V ' .  (u.  V'u) -Dr ,  (17) 
where the dilation term 
D = ux + Uy 
is included for numerical stability purposes. We now restrict our discussion to a rectangular domain. 
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The following Neumann boundary conditions for the pressure are obtained from the momentum 
equation on a solid boundary x = 0, O<<.y<<.B, O<<.x<~A, y = B, x = A, O<<.y<<.B, O<<.x~A, y = 0: 
-Px  = ut + u Ux + v Uy -q- lJ (Vxy  - -  Uyy)  in x = 0, A, (18) 
-py  = vt q- u Vx + v Vy - -  • (Vxx - -  Uxy)  in y = 0, B. (19) 
The Poisson equation (17) and the boundary conditions (18) and (19) for the pressure are now 
approximated on a staggered grid with Aoc = Ay = h. The spatial derivatives in (17)-(19) shall 
be now approximated by second-order central differences for interior cells and cells adjacent to the 
boundary. 
4.1. Interior cells 
We consider the Poisson equation 
a (ueu  e (veu  a (uaV  a 
Pxx + Pyy  - -  ~X \ aX,] - -  ~X \ Oy J -- -~y \ 8X J -- -~y \ 8y J -- Dr. 
(20) 
As usual, the dilatation term Dt  is approximated by 
Dk+l _ D k 
Dt ~- At  ' (21) 
where the superscript indexes k and k + 1 refer to the time levels t and t + At. In order to satisfy 
the continuity equation (10), O k+t is made equal to zero. 
Let ( i , j )  refer to an interior cell, that is, without common sides with the boundary. By using 
second-order central differences for approximating the derivatives pxx and pyy, the Poisson equation 
(20) is approximated by 
Pi+l,j "q- P i - l , j  "q- Pi, j+l + Pi, j - I  -- 4pi, j  
1 
"~- --~Ui+l/2,j (Ui+3/2,j -- Ui-1/2,j) 
1 1 
"~-~Ui--l/2,j (Ui+I/2,j -- Ui_3/2,j) -- ~Vi+l/2, j (Ui+l/2,j+l -- Ui+l/2,j_ 1 ) 
1 1 
-~-~-Vi--l/2,j (Ui--l/2,j+' -- Ui--1/2,j--l) -- ~Ui, j+l/2 (Vi+l,j+l/2 -- Vi--l,j+l/2) 
1 1 
"-~Ui, j-1/2 (Vi+l, j - l /2 -- l)i--l, j-1/2) -- ~Vi, j+l/2 (Vi, j+3/2 -- Vi, j -1/2)  
1 h 
"~l) i , j - - l /2  (Vi, j+l/2 -- Vi, j_3/2) "~ - '~  (Ui+l/2,j -- Ui_l/2, j "~ 1.)i,j+l/2 -- I)i,j_l/2) , 
i = 2,3 .... ,n - -  1, j = 2,3, . . . ,m - 1. (22) 
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5. Cells adjacent to the boundary 
The boundary condition (18) is computed at u3/2j by using a central difference approximation. 
Thus 
h , k+l k 1 
P2,j -- Pl,j -- A t  (U3/2'J - -  U3/E'J) --  2 u3/E'j(uS/2,j  --  Ul/E'J) 
V 
--1-Va/E,j(U3/2,j+I --  Ua/2,j_ 1) - -  ~(--Ul , j+l /2 ~- V2,j+I/2 
"q-Ul,j_l/2 -- UE,j_l/2 -- U3/2,j+ 1 "-~ 2U3/2, j --  Ua/E, j_ l )  , j = 2,3, . . . ,m - 1. (23) 
Similar expressions are obtained by using (18) at Un_l/2, j and computing the boundary condition 
(19) at vi,3/2 andre, m_1/2, that is 
h , k+ l  k 1 
- -Pn , j  + Pn- l , j  = ~ tUn- l /2 , j  --  Un- l /2 , j )  -~- ~Un--l /2, j(Un+l/2, j  --  Un-3/2, j )  
~- l~n- -  l/2,j(Un - 1/2,j+ 1 
V 
--  Un_l /2, j_ l  ) -~- ~( - -Vn_ l , j+ l /2  At- Vn,j+l/2 
+Vn_ l , j _ l /2  --  Vn,j_l/2 --  Un_l/2,j+ 1 -~- 2Un_l/2, j - -  Un_l /2, j_  1), 
j = 2,3, . . . ,m - 1, (24) 
h c.k+l k 1 
Pi, 2 --  Pi, l - -  At  I'Ui'3/2 --  Ui'3/2) --  5 ~i'3/2(Ui+1'3/2 --  Vi--l '3/2) 
1 v 
2 Vi,3/2(Vi,5/2 --  Vi, l/E) + ~ (Ui+1,3/2 --  2Vi,3/2 
-~-Vi--1,3/2 "q- Ui--1/2,2 --  Ui+1/2,2 --  Ui--l/2, 1 "~ Ui+l/2, 1) i = 2, 3 , . . .  ,n  - -  1, (25) 
h k+t 1 
- -  Pi, m + Pi, m- I  = "~t ( l) i ,m-l/2 - -  uik, m- l /2 )  "~ "~Ui, m--1/2(Vi+l,m-l/2 --  l ) i - l ,m-- l /2) 
V 
--~l) i ,m_l/2( l) i ,m+l/2 --  13i, m_3/2) --  -~(Vi+l,m_l/2 --  2Vi, m_l/2 
-~Ui_l ,m_l/2"-~Ui_l /2,m--Ui+l/2,m--Ui_ l /2,m_ l'-~ui+l/2,m_ 1 ) i = 2, 3,..., n - 1. (26) 
The terms -Ui+l/2,j and u~,j+l/2 in (22)-(26) are defined by (13) and (16). 
The addition of terms on both sides of (22)-(26) can be interpreted as a discrete divergence 
theorem [1]. In our case, both add up to zero which tell us that the compatibility equation (7) is 
exactly satisfied on a staggered grid. 
We should observe that the viscous terms in the momentum equations (8) and (9) do not appear 
in the source term for the Poisson equation (17). However, they are present within the Neumann 
boundary conditions (18), (19). In order to satisfy the compatibility condition (7), the integral of 
the viscous terms over the boundary must cancel. This is obtained by writing the viscous terms in 
a convenient way. More precisely, by using the continuity equation (10), we can write Ux:, + Uyy = 
-Vxy + Uyy in (18) and Vxx + Vyy = Vxx - Uxy in (19). The additional term does not ocassionate any 
trouble on the compatibility condition because the integral of the dilatation over the solution domain 
vanishes due to global continuity. 
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6. The velocity-pressure algorithm 
We now give an algorithm for integrating the Navier-Stokes equations• First, the pressure is 
initialized by applying least squares to the singular system that arises from the discretization of (17) 
with the Neumann conditions (18) and (19). Second, the momentum Eqs. (8) and (9) are solved 
for the velocity field at each time step. Third, the pressure is up-dated from (17)-(19) by giving 
a special treatment for the interior points that correspond to interior cells and to the adjacent cells 
in such a way that the compatibility condition is verified• The pressure at interior points of interior 
cells are computed in a direct manner, that is, by incorporating the already known pressure values 
at cause points in (22). 
6.1. Pressure initialization 
From (22) at the time level k = 0 and discretizing the Neumann condition we obtain the matrix 
system 
A po = b, 
where A is the singular matrix 
with 
A = 
S 1 = 
$1 I 





I S2 I  
I S 1 
- -2  
1 
1 
-3  1 
"°, •,, 
1 -3  1 




- -3  
1 
1 
-4  1 
• •. °• ,  
1 -4  1 
1 -3  
nxn 
and I is the identity matrix of order n. 
At time k = 0, the vector P0 contains all associated values of the pressure at interior points, that 
is, 
po = [pOl  pO,, ... pO,, pO,2 pO,2 ... pO,2 ... pOm pO, m ... pOre ]T. 
The vector b contains all values o o ui+l/2j, vij+l/2, from the right-hand side of (22)-(26), which are 
given initial values, and this has the particular form, 
b ~- [ 0 . . .  0 bran_n+ 1 0 . . .0  brnn ]mxn,T 
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where 
2v 2v 
b,n,-,+l = -h- and bran  - -  h" 
Hence, b is a nonzero vector. 
The singular system (27) is then solved by least squares. 
6.2. Pressure equation 
Once the pressure is initialized, the interior pressure values p~,; at time t + At are computed with 
the following criteria: 
1. At the interior points corresponding to adjacent boundary cells we use (23) and (36). 
2. At interior points of the interior cells, we employ (22) to compute the pressure values at each 
time level by incorporating previous values of the velocity and pressure fields. This modification 
lead us to 
_k+l  1 k _k+l  k _k+l  "~ 1 k+l  ," k+l  . k+ l  "~ 
~ui+3/2, / -- gi--1/2,j) I)i i ~(P i+ l , j  + D i - l , j  -~- Pi, j+l q- t ) i , j - l .  J -~- -8Ui+l/2,j . 
1 k+~ (Ui+l/2,j -- Ui--3/2,j) "~- -8-Vi+l/2,j ~Ui+l/2,j+l -- Ui+l/2,j--I ) ui-l/z'j i k+l  _~+~ ~ 1 k+~ ~ k+~ .k+~ 
1--k+l ~ k+l  .k+l  ~ 1 k+l  t .k+l  .k+l  x 
8D i - - l /2 , j  ~Ui-1/2,j+l -- U i - l /2 , j -1]  ~- 8-Ui, j+l/2 ~,Ui+l,j+l/2 -- Ui- l , j+l/2) 
1 - -k+ l  ," k+l  . k+ l  x 1 . k+l  ," k+l  . k+ l  
-- ~l)i,j+3/2 -- Ui, j - - l /2) 8 Ui,j--l/2 ~l)i+l,j--l/2 Ui--l,j--1/2) -~- -~Ui, j+l/2 
1 k+l  ." k+l  . k+ l  x h ," k+l  __ uk+l  . k+ l  . k+l  
8Vi, j--1/2 ~Ui i+1/2 - -  ui, j -3 /2 J  -- -~  ~Ui+l/2,j i - l /2, j  "~ ui,j+l/2 -- ui, j -1 /2) '  
i = 2,3, . . . ,n - 1, j = 2,3, . . . ,m - 1. (28) 
6.3. Velocity-pressure algorithm 
The algorithm for solving an incompressible viscous flow with prescribed Neumann condition for 
the pressure is as follows. 
0 0 1. Introduction of the initial velocity components ui+mj, vi, j+~/2 at time to = 0, corresponding to
level k = 0, and the boundary conditions for the velocity field. 
2. Initialization of the pressure through least squares, that is, to solve a singular linear system of 
the type 
Apo = b. 
3. Computation of the velocity field u k÷l . k+l i+l/2j and ui, j l/2 by using (11)-(13) and (14)-(16). 
4. Direct computation of the pressure p at level time k + 1 through (28). 
5. Updating of the pressure and velocity field by setting pk+l instead of pk and i k+~ for ilk. 
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6. To perform steps (3)-(5)  for k = 1,2 . . . . .  
7. End the calculations. 
7. Pressure correction of a multi-step velocity integration 
By using Adams-Bashforth for the time derivatives, the momentum equation can be written in 
discretized form 
np--I 
u k+l = u k + At  ~ c~t[F(u k-l) - Upk-l], 
I=0 
(29) 
where F only contains convective and diffusive terms. 
By applying the divergence operator to (29), we have that the incompressibility condition at time 
level k + 1 is characterized by 
~7 " g k 1 np--1 
~oA----t + - -  ~ ~t[~7" F(uk - t ) -  ~72pk-l]. (30) 
0~0 l= l 
~72 pk = ~7 . F(u k) + 
Following the steps of the pressure discretization for Euler integration, we obtain 
pk+l 1 [- _k+l  _k+l  k k 
i,j = ~I .P i - I , j  -[- 1) i , j - I  -1- Pi+l,j + P i , j+ l ]  
np-  1 h e ~7 • uk 1 
"J + -  t(V k - l  
. _ _  . F (u i ,  j ) 4 ~ F(u~j)+ ~oAt C~o t:l 
e 
- -  ~7 Pi,  j (31) 
(32) 
By Taylor expansion about _k+l and replacing ~72pk+l in V'-u ~+1 turns out that 1di, j
~7"uk+'=O~ h2 ] +O(Ath2P4x) •
This shows that we have an artificial compressibility of order O((At2/hZ)(Op/Ot)). 
8. Simulations 
Numerical simulations were carried out for the cavity problem for a broad range of Reynolds 
numbers. Figs. 1 and 2 show the velocity for Re = 400, 1000, 5000 and 10000 on a square 
grid with Ax = 0.01 and time steps At = 0.001, 0.002. This values meet the stability criteria 
At/h < 1 and At<<.h2/4v as suggested by Roache, [18], Casulli [8], among others. 
The last simulation was made with an extension of the proposed algorithm to a 3D cavity. 
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Fig. 1. Normalized velocity field: square cavity (a) Re = 400; (b) Re --- 1000; (c) Re = 5000 and (d) Re = 10000. 
9. Conclusions 
An algorithm has been developed for the numerical solution of the incompressible Navier-Stokes 
with central differences in primitive variables and the Neumann boundary condition for the pres- 
sure on a staggered grid. This algorithm was tested with the cavity problem for several Reynolds 
numbers in 2D and 3D regions. For the square cavity, it has been observed the apparition of the 
central vortex and the recirculation with secondary and tertiary eddies. As the Reynolds number 
increases, the central vortex moves toward the geometrical center of the cavity as shown before 
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°-' . . . . . . . . . . . . . . . . . . . . . . . .  ,i ~ t , t  
. . . . . . . . . . . . . . . . . . . .  - .... h ........... "t ,It 07 . . . . . . . . . . . . . . .  = : ' ;  . . . .  . . . . . .  
J f l l t l1111111~.__  I ' "~ '~ . . . . . . . . .  :~,~' '~ '  ~ ' 
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Fig. 2. Tridimensional cavity at Re = 400 (a) perspective view; (b) y-z  plane; (c) x-z plane, (d) x-y  plane. 
by Burggraf [5] Ghia et al. [12] and Schreiber and Keller [20], etc. The time integration can be 
also performed by other methods in order to increase the time step and to diminish the number of 
iterations. We can also consider, within Casulli's unified formulation, up-wind and semi-Lagrangian 
methods for the spatial discretization. 
E. Bravo et al./Journal of Computational nd Applied Mathematics 103 (1999) 43~3 53 
References 
[1] B.J. Alfrink, On the Neumann problem for the pressure in a Navier-Stokes Model, in: Proc. 2nd Intemat. Conf. on 
Numerical Methods in Laminar and Turbulent Flow, Venice, 1981, pp. 389-399. 
[2] W.F. Ames, Numerical Methods for Partial Differential Equations, 3rd ed., Academic Press, San Diego, USA, 1992. 
[3] E. Bravo, J.R. Claeyssen, Simulaq~o Central para Escoamento Incompressivel m Varifiveis Primitivas e Condiqres 
de Neumann para a Press~o, XIX Congresso Nacional de Matemfitica Aplicada e Computacional - CNMAC, Goi~nia, 
Brasil, 1996. 
[4] K.E. Brenam, S.L. Campbell, L.R. Petzold, Numerical Solution of Initial-Value Problems in Differential-Algebraic 
Equations, Elsevier, New York, 1989. 
[5] O.R. Burggraf, Analytical and numerical studies of the structure of steady separated flows, J. Fluid Mech. 24 (1) 
(1966) 113-151. 
[6] A. Castro, E. Bravo, Upwind simulation of an incompressible flow with natural pressure boundary condition on a 
staggered Grid, SIAM Annual Meeting, Kansas City, USA, 1996. 
[7] V. Casulli, Eulerian-Lagrangian methods for hyperbolic and convection dominated parabolic problems, in: C. Taylor, 
D.R.J. Owen, E. Hinton (Eds.), Computational Methods for Non-Linear Problems, Pineridge Press, Swansea, 1987, 
pp. 239-269. 
[8] V. Casulli, Eulerian-Lagrangian Methods for the Navier-Stokes equations at high Reynolds number. Intemat. 
J. Numer. Methods Fluids (1998) 1349-1360. 
[9] J.R. Claeyssen, H.F. Campos Velho, Initialization using non-modal matrix for a limited area model, Boletim SBMAC 
4 (2) (1993) 26-34. 
[10] B.N. Datta, Numerical Linear Algebra and Applications, Brooks/Cole, USA, 1995. 
[11] J.H. Ferziger, M. Perir, Computational Methods for Fluid Dynamics, Springer, Berlin, 1996. 
[12] U. Ghia, K.N. Ghia, C.T. Shin, High-Re solutions for incompressible flow using the Navier-Stokes equations and a 
multigrid method, J. Comput. Phys. 48 (1982) 387--411. 
[13] P.M. Gresho, R.L. Sani, On pressure boundary conditions for the incompressible Navier-Stokes equations, Internat. 
J. Numer. Methods Fluids 7 (1987) 1111-1145. 
[14] F.H. Harlow, J.E. Welsh, Numerical calculation of time-dependent viscous incompressible flow with free surface, 
Phys. Fluids 8 (1965) 2182-2189. 
[15] B. Levich, Phys. Chem. Hydrodyn. 2 (1981) 85, 95. 
[16] G. Mansell, J. Walter, E. Marschal, Liquid-liquid driven cavity flow, J. Comput. Phys. 110 (1994) 274-284. 
[17] C.R. Rao, S.K. Mitra, Generalized Inverse of Matrices and its Applications, J. Wiley, New York, 1971. 
[18] P.J. Roache, Computational Fluid Dynamic, Hermosa Albuquerque, NM, 1982. 
[19] S.G. Rubin, P.K. Khosla, Intemat. J. Comput. Fluids 9 (1981) 163. 
[20] R. Schreiber, H.B. Keller, 1983. Driven cavity flows by efficient numerical techniques, J. Comput. Phys. 49 (1983) 
310-333. 
[21] R. Temam, Navier-Stokes Equations, 3rd ed., North-Holland, Amsterdam, (1983). 
